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An Automated Hirschberg Test for Infants
Dmitri Model*, Student Member, IEEE, and Moshe Eizenman

Abstract—A novel automated method to measure eye misalign-
ment in infants is presented. The method uses estimates of the
Hirschberg ratio (HR) and angle Kappa (the angle between the
visual and optical axis) for each infant to calculate the angle of eye
misalignment. The HR and angle Kappa are estimated automati-
cally from measurements of the direction of the optical axis and the
coordinates of the center of the entrance pupil and corneal reflexes
in each eye when infants look at a set of images that are presented
sequentially on a computer monitor. The HR is determined by the
slope of the line that describes the direction of the optical axis
as a function of the distance between the center of the entrance
pupil and the corneal reflexes. The peak of the distribution of pos-
sible angles Kappa during the image presentation determines the
value of angle Kappa. Experiments with five infants showed that
the 95% limits of agreement between repeated measurements of
angle Kappa are ±0.61◦. The maximum error in the estimation of
eye alignment in orthotropic infants was 0.9◦ with 95% limits of
agreement between repeated measurements of 0.75◦.

Index Terms—Angle kappa, Eye tracking, Hirschberg ratio
(HR), Hirschberg test (HT), optical axis, strabismus, visual axis.

I. INTRODUCTION

THE Hirschberg test (HT) to measure binocular ocular mis-
alignment was introduced more than 120 years ago [1].

It is still being used as the primary clinical method to measure
ocular misalignment prior to strabismus surgery in patients for
which the alternate prism and cover test cannot be used reli-
ably (i.e., infants and young children). The test is performed
by estimating/measuring the displacement of the virtual image
of a light source, which is created by the front surface of the
cornea (corneal reflex), from the center of the entrance pupil,
when subjects fixate on the light source. During the test, the dis-
placement in one eye (the fixating eye or the nondeviating eye in
patients with strabismus) is estimated first and the displacement
in the other eye is adjusted [2]. The adjustment compensates
for angle Kappa of the deviating eye under the assumption that
angles Kappa of the two eyes exhibit mirror symmetry [2].
Ocular misalignment is calculated by multiplying the adjusted
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displacement of the deviating eye by a proportionality constant
known as the Hirschberg ratio (HR) [2]. The HR represents the
amount of horizontal ocular rotation (in degrees) per millimeter
of horizontal displacement of the corneal reflex from the center
of the entrance pupil.

The mean value of the HR is approximately 12.5◦/mm with an
intersubject variability of more than ±20% of the mean value
[3]–[6]. Angle kappa may have both horizontal and vertical
components of up to ±5◦ [7]. Both angle Kappa and the HR are
subject-dependent and have to be estimated for each subject to
achieve accurate measurements of eye misalignment. This paper
describes a novel automated HT (AHT) that uses estimates of
the HR and angle Kappa to calculate eye misalignment.

In contrast to earlier methods to automatically measure eye
misalignment [3], [4], [8]–[10], the AHT allows free head move-
ments and does not assume accurate fixation on any specific
target, and is therefore, more suitable for use with infants.

The paper is organized as follows. The novel AHT is de-
scribed in Section II. Experiments with infants are described
in Section III. The discussion and conclusions are presented in
Section IV.

II. AUTOMATED HIRSCHBERG TEST

The AHT is based on measurements from a remote two-
camera gaze-estimation system that does not require a user-
calibration procedure [11]. The system calculates the position
and orientation of each eye in space using the coordinates of
the pupil centers and corneal reflexes (see Fig. 1, inset). The
pupil centers and corneal reflexes are detected and tracked au-
tomatically in pairs of images (see Fig. 1) that are captured
simultaneously by an eye-tracking system.

In the following analysis, all points are represented as 3-D
column vectors (bold font) in a right-handed Cartesian world
coordinate system (WCS). The origin of the WCS is at the
center of a computer screen that is positioned in front of the
subject (Fig. 2, inset). The Xw -axis is horizontal, the Yw -axis
is vertical pointing up, and the Zw -axis perpendicular to the
screen, pointing out of the screen. The analysis is based on the
model that is described in Fig. 2, in which the light sources
are modeled as point sources, the video cameras are modeled as
pinhole cameras and the front surface of the cornea is modeled as
a spherical section. The line connecting the center of curvature
of the cornea c, and the pupil center p, defines the optical axis of
the eye. Only one of the M (M ≥ 2) light sources of the system
is shown in the Figure.

A. Estimation of the Optical Axis of the Eye

Some of the equations in this section were presented earlier
[11]–[14] and they are repeated here for completeness.
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Fig. 1. Pair of images of a six-month-old baby obtained during the experiments using a remote binocular gaze-tracking system with two video cameras and three
infrared light sources. Pupil center and three corneal reflexes (marked by a cross and squares, respectively) are identified and tracked automatically by the system
(see inset).

Fig. 2. Ray-tracing diagram (not to scale in order to be able to show all the elements of interest), showing schematic representations of the eye, two cameras and
one of the light sources of the system. Inset: remote gaze-estimation system and WCS.

First, consider a ray that originates at a light source i, li , travels
to a point qij on the corneal surface such that the reflected ray
goes through the nodal point of camera j, oj , and intersects the
camera image plane at a point uij . Then, qij can be expressed
as

qij = oj + kq,ij
oj − uij

‖oj − uij‖
(1)

where kq,ij represents the distance between the point of reflec-
tion qij , and the nodal point of the camera oj .

According to the law of reflection, the incident ray, the re-
flected ray, and the normal at the point of reflection nq ,ij are
coplanar, and the normal at the point of reflection nq ,ij is a
bisector of an angle li − qij − oj . Thus

nq ,ij =
li − qij

‖li − qij‖
+

oj − qij

‖oj − qij‖
. (2)

Since any normal to the spherical surface goes through the
center of curvature of the cornea c, then

c = qij − R
nq ,ij

‖nq ,ij‖
(3)

where R is the radius of the cornea.

Equations (1)–(3) suggest that for each combination of a cam-
era j = 1, 2 and a light source i = 1, . . . , M , c can be expressed
as a function of two parameters

cij = cij (kq,ij , R) . (4)

Since all the cij should be equal to each other, the unknown
parameters can be estimated by solving the following minimiza-
tion problem[

k̂q ,ij , R̂
]

i=1,...,M ;j=1,2

= arg min
∑

(i,j ) �=(k,l)

‖cij (kq,ij , R) − ckl (kq,kl , R)‖2 (5)

where the summation is over all possible distinct combinations
of cij and ckl .

Finally, c is obtained as an average of all the cij

c =
1
N

∑
i,j

cij (k̂q ,ij , R̂) (6)

where N = 2M in the case of two cameras and M light sources.
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Then, consider an imaginary ray that originates at the pupil
center p, travels through the aqueous humor and cornea (effec-
tive index of refraction ≈ 1.3375), and refracts at a point rj on
the corneal surface as it travels into the air (index of refraction
≈ 1) such that the refracted ray passes through the nodal point
of camera j, oj , and intersects the camera image plane at a point
up,j . This refraction results in the formation of an image of the
center of the entrance pupil pv ,j located on the extension of the
refracted ray, i.e.,

pv ,j = oj + kp,j (oj − up,j )︸ ︷︷ ︸
hj

, for some kp,j . (7)

In strict terms, the spatial location of pv ,j depends on the
position of the nodal point of the camera oj relative to the
eye. Therefore, in general, the spatial location of pv ,j will be
slightly different for each of the two cameras. Despite this, an
approximate center of the entrance pupil pv can be found as the
midpoint of the shortest segment defined by a point belonging
to each of the lines given by (7), j = 1, 2, i.e.,

pv =
1
2

[h1 h2 ]
[

h1 · h1 −h1 · h2
−h1 · h2 h2 · h2

]−1

·
[
−h1 · (o1 − o2)
h2 · (o1 − o2)

]
+

1
2
(o1 + o2). (8)

Since c is on the optical axis of the eye and assuming that pv

is also on the optical axis (see Fig. 2), the optical axis of the
eye in 3-D space can be reconstructed using (1)–(8) without the
knowledge of any subject-specific eye parameters. The direction
of the optical axis of the eye is given by the unit vector

ω =
pv − c

‖pv − c‖ . (9)

The horizontal component of the direction of the optical axis θ
can be calculated as the angle between ω and the plane Xw = 0,
which is given by

θ = sin−1 (ω · x̂) (10)

where x̂ is a unit vector in the direction of Xw -axis of the WCS.
Similarly, the vertical component of the direction of the op-

tical axis ϕ can be calculated as the angle between ω and the
plane Yw = 0, which is given by

ϕ = sin−1 (ω · ŷ) (11)

where ŷ is a unit vector in the direction of Yw -axis of the WCS.

B. Displacement of the Corneal Reflex From the Center of the
Entrance Pupil

The position of the virtual image of each light source li
(corneal reflex), cri , is estimated as the intersection of the rays
defined by the nodal point of the camera oj and the position of
the center of the image of the corneal reflex in the image plane
of that camera uij

crij = oj + ki,j (oj − uij )︸ ︷︷ ︸
aj

for some ki,j , j = 1, 2.

(12)

In strict terms, the spatial location of crij depends on the
position of the nodal point of the camera oj relative to the
eye. Therefore, in general, the spatial location of crij will be
slightly different for each of the two cameras. Despite this,
an approximate virtual image of the light source cri can be
found as the midpoint of the shortest segment defined by a point
belonging to each of the lines given by (12), j = 1, 2, i.e.,

cri =
1
2

[a1 a2 ]
[

a1 · a1 −a1 · a2
−a1 · a2 a2 · a2

]−1

·
[
−a1 · (o1 − o2)
a2 · (o1 − o2)

]
+

1
2
(o1 + o2). (13)

Since the position of the center of the entrance pupil is already
calculated in (8), the horizontal displacement of the corneal
reflex from the center of the entrance pupil is given by

Δx = (cri − pv ) · x̂ (14)

where x̂ is a unit vector in the direction of Xw -axis of the WCS.
Similarly, the vertical displacement of the corneal reflex from

the center of the entrance pupil is given by

Δy = (cri − pv ) · ŷ (15)

where ŷ is a unit vector in the direction of Yw -axis of the WCS.

C. Calculation of the HR

The HR represents the amount of ocular rotation per millime-
ter of the displacement of the corneal reflex from the center of
the entrance pupil. Due to the spherical symmetry of the eye
around the optical axis, the HR in the vertical direction is the
same as the HR in the horizontal direction. In the following
discussion, we describe the estimation of the HR in the hori-
zontal direction. The estimated HR, however, can be used for
the calculations of eye misalignment in both the horizontal and
vertical directions.

The method to automatically estimate the HR in infants was
first described by us in [5]. In this section, we describe the
sensitivity of the method to head movements and provide a
more complete technical description.

During the estimation procedure, subjects looked naturally at
a set of small video images (2 cm × 2 cm) that were presented
sequentially on a computer monitor. The horizontal component
of the direction of the optical axis (θ) given by (10), and the
horizontal distance between the center of the entrance pupil and
the corneal reflex (Δx) given by (14) were calculated. Fig. 3
shows an example of data recorded with a six-month-old infant.
The absolute value of the slope of the line that is fitted to the data
points (Δxi , θi), i = 1, . . . , N is an estimate of the HR (◦/mm).
To remove possible outliers (e.g., measurements with large er-
rors due to blinks) a robust estimator (iteratively reweighted
least-squares [15]) was used for the line-fitting procedure.

The aforementioned estimation procedure assumes that for
each horizontal angle of the optical axis θ, there is only one
unique value of Δx. When the head moves, however, Δx might
vary, even when θ is constant. This will affect the accuracy
of the estimation of the HR. Since head movements cannot be
completely eliminated during the short estimation procedure,
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Fig. 3. Horizontal angle of the optical axis (θ) versus the horizontal displace-
ment of the corneal reflex cr from the center of the entrance pupil pv (Δx).
Dots represent data points. The absolute value of the slope of the line that is
fitted to the data points represents the HR in ◦/mm.

especially with infants and young children, it is important to
develop algorithms to minimize the effects of head movements
on the estimation of the HR.

To develop the algorithm to minimize the effects of head
movements, we first used computer simulations to evaluate the
effects of head movements on Δx when θ is constant. In the
simulations, the head position was changed over a range of
±100 mm in the Xw , Yw , and Zw directions (the approximate
allowed range of head movements in the gaze-estimation system
used for the experiments) while the direction of the optical axis
of the right eye was kept parallel to the Zw axis (ω‖Zw ). System
parameters for the simulations (locations and orientations of the
cameras and light sources) were similar to the parameters of the
system that was used in the experiments. The initial position
of the center of curvature of the simulated right eye of the
subject was set at [0, 0, 750]T mm. For this initial position, the
horizontal displacement of the corneal reflex of the middle light
source of the system from the center of the entrance pupil is nil
(Δx = 0). The results of the simulations are shown in Fig. 4.
Fig. 4(a), shows that for each 10 mm of head movement in the
Xw direction, Δx is changed by approximately 0.05 mm. Head
movements in the Yw and Zw directions have negligible effect
on Δx [see Fig. 4(b) and (c)].

Based on the data collected with infants and young children
during the estimation of the HR, the expected range of Δx due
to eye movements exceeds 1 mm. To ensure that estimation
errors due to head movements will not exceed 5% of the actual
HR, Δx due to head movements should be limited to less than
5% of the minimum range of Δx due to eye movements (i.e., to
0.05 mm), or equivalently, head movements in the Xw -direction
should not exceed 10 mm.

The following algorithm ensures that data used for the cal-
culations of the HR will only correspond to head positions that
are within 10 mm of each other along the Xw -axis. The algo-
rithm uses the position of the center of curvature of the cornea
of the eye c to determine changes in head position. The algo-

rithm has four stages. In the first stage, all data points, (θi , Δxi)
i = 1, . . . , N , are partitioned into bins according to the value
of the x-component of ci and ci,x (the width of each bin is
10 mm). In the second stage, the bin with the largest number of
data points is selected. In the third stage, the average value c̄x of
all ci,x in the selected bin and in the two adjacent bins is calcu-
lated. In the fourth stage, data points that satisfy the constraint
|c̄x − ci,x | < 5 mm are used with the line-fitting procedure to
calculate the HR.

Fig. 5(a) shows the data points that were collected during
the estimation of the HR with a six-month-old infant. The data
suggest that during the estimation procedure, the infant changed
his head position. As the infant continued to make horizontal
eye movements at each head position, data points for each head
position tend to be along lines that are parallel to each other.
Fig. 5(b) shows the data that were retained for the estimation of
the HR after the algorithm to remove head movements’ artifacts
was used.

D. Estimation of Angle Kappa

As was shown in [11], the horizontal α, and vertical β, com-
ponents of angle Kappa (the angle between the optical and visual
axes) can be estimated, if the subject fixates on a known point
in space at a specific time interval. With infants, however, it is
impossible to guarantee that this requirement will be satisfied
and a different strategy had to be used to estimate angle Kappa.
The strategy is based on the assumption that when a small at-
tractive stimulus (animated image with sound) is presented on
a black background, there is higher probability that the infant
will look at the stimulus than at any other point on the computer
screen. When a sequence of such stimuli is presented at different
locations on the computer screen, the angles αi and βi for each
time instant i can be calculated under the assumption that the
infant is fixating on the presented stimulus. A histogram of αi

and βi , i = 1, . . . , N , for a sequence of nine stimuli is shown in
Fig. 6. If the subject fixates exclusively on the presented stim-
uli, similar values of αi and βi should be computed for all N
measurements (i.e., all αi or βi should fall in a single bin of the
histogram). If, on the other hand, the subject fixates on points
on the computer screen that are uncorrelated with the presented
stimuli, the histogram shown in Fig. 6 should resemble a uni-
form distribution. The histograms of αi and βi in Fig. 6 exhibit
one dominant peak that corresponds to all the time instances for
which the infant looked at the stimuli. Note that in the example
shown in Fig. 6, the infant looked at the stimuli for 37% of the
time that the stimuli were presented on the screen. For the five
infants in this study, the average percentage of time that infants
looked at the stimuli was 47% (ranged from 26% to 70%).

Since in this study the stimulus spans 1.5◦ of the viewing
angle, all points in the range of ±1.5◦ from the center of the
highest bin were averaged to compute the estimate of α and
β. Based on the expected magnitude of α and β [6], the range
of α and β in Fig. 6 was limited to |αi | < 10 and |βi | < 5,
respectively.
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Fig. 4. Effects of head movements on Δx (the horizontal displacement of the corneal reflex from the center of the entrance pupil) when the direction of the
optical axis is kept constant. Head movements in the direction of (a) Xw , (b) Yw , and (c) Zw .

Fig. 5. (a) Data from a six-month-old infant who moved his head during the
estimation procedure. (b) Data retained for the estimation of the HR removal of
head-movements artifacts. A solid line is fitted to the retained data points. Note
that the raw data in (a) can be described by a set of lines that are parallel to the
solid line fitted in (b).

Fig. 6. Histograms of estimated α and β angles for the right eye of eight-
month-old infant.

E. Estimation of Eye Misalignment

For each time instant i, the distance from the center of the
entrance pupil to the corneal reflex in the left and right eyes
ΔxL

i and ΔxR
i , respectively, was calculated using (14). HR was

calculated as described in Section II-C. αL and αR were cal-
culated as described in Section II-D. Note that αL should be
estimated when the left eye fixates on the stimulus, and αR

should be estimated when the right eye fixates on the stimulus.
For patients with strabismus, αL and αR should be estimated
in two different sessions. Without a loss of generality, let us
assume that the right eye is the dominant eye (i.e., the left eye is
the deviating eye). In such a case, during binocular viewing, the
subject will fixate with the right eye on the stimulus and, hence,
only αR will be estimated. Then, the right eye should be covered
to force the subject to fixate with the left eye and the procedure
described in Section II-D should be repeated to estimate αL .
If it is not possible to have the right eye patched (e.g., due to
low vision in the left eye), αL = −αR can be assumed as an
approximation [16].

The horizontal angle of eye misalignment is given by

Θi = HR
(
ΔxL

i − ΔxR
i

)
+

(
αR − αL

)
. (16)

Similarly, the vertical angle of misalignment can be calculated
using ΔyL

i and ΔyR
i from (15), and βL and βR as follows:

Φi = HR
(
ΔyL

i − ΔyR
i

)
+

(
βR − βL

)
. (17)

Finally, histogram-based outlier removal and averaging algo-
rithm similar to the one described in Section II-D is applied to
calculate the mean values of Θ and Φ.

III. EXPERIMENTS

The performance of the AHT was studied with five healthy
infants (6-, 8-, 9-, 15-, and 16-month-old). During the experi-
ments, infants were seated on their parents’ lap, with their heads
supported by the parents’ hands. Infants’ heads were approxi-
mately 85 cm from the computer monitor. The coordinates of the
pupil centers and corneal reflexes of the two eyes were obtained
by the VISION 2020-RB eye-tracking system (El-MAR Inc.,
Toronto, ON, Canada). The system has two infrared video cam-
eras and three infrared light sources. The middle light source
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Fig. 7. Difference versus mean plot for two independent measurements of
αL , αR , βL , and βR (five infants). The solid line indicates mean of differences
(bias = 0.04◦). The 95% limits of agreement (±0.61◦) are indicated by the
dashed lines.

Fig. 8. Difference versus mean plot for two independent measurements of
horizontal and vertical angles of eye misalignment (five infants). The solid line
indicates mean of differences (bias = −0.27◦). The 95% limits of agreement
(±0.75◦) are indicated by the dashed lines.

located in the center of the system was used for the estimation
of the HR and eye misalignment.

Nine animated images (2 cm × 2 cm) were presented sequen-
tially at different positions on the monitor and 450 estimates
were recorded at a rate of 30 estimates per second. All infants
were orthotropic and no eye patching (covering) was necessary
for the estimation of angles Kappa in the left and right eyes. The
measurement was repeated twice, to assess repeatability [17].

First, we examined the repeatability of estimation of αL , αR ,
βL , and βR . The average difference (±standard deviation, SD)
between two independent measurements was 0.04◦ ± 0.31◦ and
the 95% limits of agreement for repeated measurements were
±0.61◦ (see Fig. 7).

As was shown in [5], the average difference (±SD) be-
tween two measurements of HR were 0.09 ± 0.32◦/mm and
the 95% limits of agreement for repeated measurements were
±0.63 ◦/mm.

All the measurements of the angles of misalignment Θ and
Φ were in a range of −1◦ to +1◦. For orthotropic infants, this
corresponds to a maximum error of less than 1◦. The average
difference between two independent measurements of eye mis-
alignment was −0.27◦ ± 0.38◦ and the 95% limits of agreement
for repeated measurements were ±0.75◦ (see Fig. 8).

IV. DISCUSSION AND CONCLUSION

A novel AHT procedure to measure accurately eye misalign-
ment in infants and young children was presented. The average
difference between two independent measurements of eye mis-
alignment was −0.27◦ ± 0.38◦ and the 95% limits of agree-
ment for repeated measurements were ±0.75◦ (see Fig. 8). The
maximum error in the estimation of the horizontal and vertical
components of eye misalignment in orthotropic children was
less than 1◦.

It is important to note that the accuracy of the AHT proce-
dure depends on accurate estimates of the optical axes of the two
eyes. These estimates are based on the approximation that the
cornea can be modeled as a spherical surface. Significant devia-
tions from this approximation due to corneal pathologies and/or
high corneal asymmetry (astigmatism) can affect the accuracy
of the measurements, and therefore, the accuracy of the AHT
procedure have to be verified with a larger sample of orthotropic
and nonorthotropic subjects.

The following example provides insights into the expected
errors in the estimation of eye misalignment in infants with
strabismus. The example assumes a patient with a 20◦ infan-
tile esotropia. According to (16) and (17), the estimates of eye
misalignment will be affected by errors in the estimates of αL ,
αR , βL , βR , and HR. If the maximum errors in these parame-
ters are approximated by the 95% limits of agreement between
repeated measurements, the maximum errors in the estimation
of αL , αR , βL , and βR are ±0.61◦ and the maximum error
in the HR is ±0.63 ◦/mm (5% of the mean value of the HR
– 12.5 ◦/mm). For the aforementioned example, the maximum
error in the estimation of Θ due to errors in the estimation of
the HR is 20◦∗5% = 1◦ and the maximum error due to errors
in the estimation of αL and αR is 0.61◦∗2 = 1.22◦. The total
error in the estimation of Θ is, therefore, less than 2.22◦. The
example demonstrates that the expected accuracy of the novel
AHT with infants is significantly better than the expected accu-
racy of the standard clinical HT, even when it is performed with
cooperative subjects – 5◦ [18].

The AHT procedure can provide more accurate measurements
of ocular misalignment than the standard HT. It may, therefore,
enable early and reliable detection of infantile esotropia that
may lead to early treatment and increase the chances for normal
visual development in these patients [19]–[21].
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